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Abstract
Sufficient conditions are obtained for the permanence of the following single species discrete model with feedback control:N (n + 1) = N (n) exp
[
r(n)
(
1− N (n − m)
k(n)
− c(n)µ(n)
)]
,
1µ(n) = −a(n)µ(n)+ b(n)N (n − m),
where a : Z → (0, 1), c, k, r, b : Z → R+ are all nonnegative functions and m is a positive constant.
c© 2006 Elsevier Ltd. All rights reserved.
Keywords: Nonautonomous; Discrete; Feedback control; Permanence
1. Introduction
Li and Zhu [1] proposed the following single species discrete model with feedback control:N (n + 1) = N (n) exp
[
r(n)
(
1− N (n − m)
k(n)
− c(n)µ(n)
)]
,
1µ(n) = −a(n)µ(n)+ b(n)N (n − m).
(1.1)
Under the assumptions that a : Z → (0, 1), c, k, r, b : Z → R+ are all ω-periodic functions and m is a positive
constant, by applying the continuation theorem of coincidence degree theory, they showed that the above system
admits at least one positive ω-periodic solution. As we know, permanence is one of the most important topics in the
study of population dynamics; however, Li and Zhu [1] did not investigate this property of the system (1.1). The aim of
this work is, by further developing the analysis technique of [3–6,9–12], to obtain a set of sufficient conditions which
guarantee the permanence of the system (1.1). For more works relevant to system (1.1), one could refer to [1–14] and
the references cited therein.
Throughout this work we assume that:
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(H1) {r(n)}, {k(n)}, {c(n)}, {a(n)} and {b(n)} are bounded nonnegative sequences such that
0 < kl ≤ ku, 0 < r l ≤ ru, 0 < cl ≤ cu, 0 < al ≤ au < 1, 0 < bl ≤ bu .
Here, for any bounded sequence {h(n)}, hu = supn∈N {h(n)} and hl = infn∈N {h(n)}.
2. Main result
First, let us consider the first order difference equation
y(k + 1) = Ay(k)+ B, k = 1, 2, . . . (2.1)
where A, B are positive constants. The following Lemma 2.1 is a direct corollary of Theorem 6.2 of Wang and
Wang [14, page 125].
Lemma 2.1. Assuming that |A| < 1, for any initial value y(0), there exists a unique solution y(k) of Eq. (2.1) which
can be expressed as follows:
y(k) = Ak(y(0)− y∗)+ y∗,
where y∗ = B1−A . Thus, for any solution {y(k)} of system (2.1), we have
lim
k→+∞ y(k) = y
∗.
The following comparison theorem for the difference equation is Theorem 2.1 of [14, page 241].
Lemma 2.2. Let k ∈ N+k0 = {k0, k0 + 1, . . . , k0 + l, . . .}, r ≥ 0. For any fixed k, g(k, r) is a nondecreasing function
with respect to r , and for k ≥ k0, the following inequalities hold:
y(k + 1) ≤ g(k, y(k)),
u(k + 1) ≥ g(k, u(k)).
If y(k0) ≤ u(k0), then y(k) ≤ u(k) for all k ≥ k0.
Lemma 2.3 ([6]). Assume that {x(n)} satisfies x(n) > 0 and
x(n + 1) ≤ x(n) exp{r(n)(1− ax(n))}
for n ∈ [n1,+∞), where a is a positive constant. Then
lim sup
n→+∞
x(n) ≤ 1
aru
exp(ru − 1).
Lemma 2.4 ([6]). Assume that {x(n)} satisfies
x(n + 1) ≥ x(n) exp{r(n)(1− ax(n))}, n ≥ N0,
lim supn→+∞ x(n) ≤ x∗ and x(N0) > 0, where a is a constant such that ax∗ > 1 and N0 ∈ N. Then
lim inf
n→+∞ x(n) ≥
1
a
exp(ru(1− ax∗)).
Now we state and prove the main result of this work.
Set
M1 = k
u exp{ru(m + 1)− 1}
ru
, M2 = b
uM1
al
. (2.2)
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Theorem 2.1. Assume that (H1) holds; assume further that
(H2) cuM2 < 1
holds, then system (1.1) is permanent.
Proof. Let (N (n), µ(n)) be any positive solution of system (1.1); from the first equation of (1.1), it follows that
N (n + 1) ≤ N (n) exp{r(n)}. (2.3)
Let N (n) = exp{x(n)}; then (2.3) is equivalent to
x(n + 1)− x(n) ≤ r(n). (2.4)
Summing both sides of (2.4) from n − m to n − 1 leads to
n−1∑
i=n−m
(x(i + 1)− x(i)) ≤
n−1∑
i=n−m
r(i) ≤ rum,
and so,
x(n − m) ≥ x(n)− rum,
and therefore,
N (n − m) ≥ N (n) exp{−rum}. (2.5)
By using (2.5), again from the first equation of (1.1), it immediately follows that
N (n + 1) ≤ N (n) exp
[
r(n)
(
1− N (n − m)
k(n)
)]
≤ N (n) exp
[
r(n)
(
1− N (n) exp{−r
um}
ku
)]
. (2.6)
By applying Lemma 2.3 to (2.6), we have
lim sup
n→+∞
N (n) ≤ k
u exp{ru(m + 1)− 1}
ru
def= M1. (2.7)
For any positive constant ε small enough, it follows from (2.7) that there exists large enough N1 such that
N (n) ≤ M1 + ε for all n ≥ N1. (2.8)
(2.8) combined with the second equation of (1.1) leads to
1µ(n) ≤ −a(n)µ(n)+ b(n)(M1 + ε) for all n ≥ N1 + m.
And so,
µ(n + 1) ≤ (1− al)µ(n)+ bu(M1 + ε) for all n ≥ N1 + m. (2.9)
By applying Lemmas 2.1 and 2.2, for any positive solution (N (n), µ(n)) of (1.1), it follows from (2.9) that
lim sup
n→+∞
µ(n) ≤ b
u(M1 + ε)
1− (1− al) =
bu(M1 + ε)
al
.
Setting ε → 0 in the above inequality leads to
lim sup
n→+∞
µ(n) ≤ b
uM1
al
def= M2. (2.10)
For any positive constant ε small enough, without loss of generality, from condition (H2) we may assume that
1 > cu(M2 + ε). It follows from (2.7) and (2.10) that there exists a large enough N2 > N1 such that
N (n) ≤ M1 + ε, µ(n) ≤ M2 + ε, for all n ≥ N2. (2.11)
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By applying (2.11), from the first equation of system (1.1), it follows that
N (n + 1) ≥ N (n) exp
[
r(n)
(
1− M1 + ε
k(n)
− c(n)(M2 + ε)
)]
≥ N (n) exp(r(n)λε) for all n ≥ N2 + m,
where λε = 1− M1+εkl − cu(M2 + ε) Let N (n) = exp{x(n)}; the above inequality is equivalent to
x(n + 1)− x(n) ≥ r(n)λε. (2.12)
Summing both sides of (2.12) from n − m to n − 1 leads to
n−1∑
i=n−m
(x(i + 1)− x(i)) ≥
n−1∑
i=n−m
r(i)λε ≥ r lmλε,
and so,
x(n − m) ≤ x(n)− r lmλε,
and therefore,
N (n − m) ≤ N (n) exp{−r lmλε}. (2.13)
Substituting (2.11) and (2.13) into the first equation of (1.1) leads to
N (n + 1) ≥ N (n) exp
[
r(n)
(
1− N (n) exp{−r
lmλε}
kl
− cu(M2 + ε)
)]
= N (n) exp [r(n)(1− cu(M2 + ε)) (1− AεN (n))] , (2.14)
where Aε def= exp{−r lmλε}kl (1−cu(M2+ε)) . Obviously,
ku
kl
≥ 1, exp{r
u(m + 1)− 1}
ru
≥ 1. (2.15)
Also, from the definition of λε and M1, one could easily show that λε < 0; thus
exp{−r lmλε}
1− cu(M2 + ε) > 1. (2.16)
By applying (2.15) and (2.16), we have
Aε · M1 = exp{−r
lmλε}
kl(1− cu(M2 + ε)) ·
ku exp{ru(m + 1)− 1}
ru
= exp{−r
lmλε}
1− cu(M2 + ε) ·
ku
kl
· exp{r
u(m + 1)− 1}
ru
> 1.
The above analysis shows that if the assumption (H2) holds, the difference inequality (2.14) satisfies all the
assumptions of Lemma 2.4. On applying Lemma 2.4 to (2.14), it immediately follows that
lim inf
n→+∞ N (n) ≥
1
Aε
exp
(
ru(1− cu(M2 + ε))
(
1− AεM1
))
. (2.17)
Setting ε → 0 in (2.17) leads to
lim inf
n→+∞ N (n) ≥
1
A∗
exp
(
ru(1− cuM2)
(
1− A∗M1
)) def= m1 (2.18)
where
A∗ = exp{−r
lm(1− M1kl − cuM2)}
kl(1− cuM2) .
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For any positive constant ε small enough, without loss of generality, assume that ε < 12m1; from (2.18) we know
that there exists a large enough N3 > N2 such that
N (n) ≥ m1 − ε for all n ≥ N3. (2.19)
(2.19) combined with the second equation of (1.1) leads to
1µ(n) ≥ −a(n)µ(n)+ b(n)(m1 − ε) for all n ≥ N3 + m.
And so,
µ(n + 1) ≥ (1− au)µ(n)+ bl(m1 − ε) for all n ≥ N3 + m. (2.20)
By applying Lemmas 2.1 and 2.2, for any positive solution (N (n), µ(n)) of (1.1), it follows from (2.20) that
lim inf
n→+∞µ(n) ≥
bl(m1 − ε)
au
.
Setting ε → 0 in the above inequality, we have
lim inf
n→+∞µ(n) ≥
blm1
au
def= m2. (2.21)
(2.7), (2.10), (2.18) and (2.21) show that if the assumptions (H1), (H2) hold, system (1.1) is permanent. This ends the
proof of Theorem 2.1. 
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